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ABSTRACT
Five di� erent semiempirical total-energy methods, provided in the literature

and applicable for atomistic simulations of extended defects in bcc transition
metals, are investigated in a comparative study. The comparison is made with
recent theoretical ab-initio (local-density-functional theory) and experimental
(high-resolution transmission electron microscopy) studies for the speci® c case
of the S ˆ 5, (310)[001] symmetrical tilt grain boundaries (S ˆ 5 STGBs) in Nb
and Mo. The considered semiempirical real-space approaches based on di� erent
approximations of the tight-binding and related methods are the Finnis± Sinclair
central-force potentials, non-central-force bond-order potentials recently
advanced by Pettifor and co-workers, and non-central-force potentials based on
the model-generalized pseudopotential theory of Moriarty. As semiempirical
reciprocal-space methods, a very simple d-basis tight-binding model by Paxton
and an elaborate environment dependent spd-basis orthogonal tight-binding
model by Haas et al. are included in the analysis. The virtues and de® ciencies
of these models in their ability to predict the translation states and interfacial
energies of the S ˆ 5 STGB are discussed.

} 1. INTRODUCTION

Atomistic simulations of the structures and physical properties of extended crys-
tal defects, such as dislocations, interfaces and surfaces, have now become a very
important area of materials research (Mark et al. 1992, Broughton et al. 1993,
Phillpot et al. 1998, Turchi et al. 1998). The essential precursor of such studies is
a description of interatomic interactions or, more generally, a knowledge of the
dependence of the total energy on the relative positions of the atoms in the studied
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system. In principle, this is provided very accurately by ab-initio total-energy calcu-
lations based on the local-density functional theory (LDFT) (Hohenberg and Kohn
1964, Kohn and Sham 1965) that have been utilized extensively in recent years in
studies of crystalline materials. However, in such calculations the required computa-
tional e� ort is very high and they are normally only feasible when the number of
atoms included in the calculation is not much more than 100. This is totally inade-
quate for the majority of extended defects. The most obvious cases are dislocations
that are associated with long-range elastic ® elds. However, even in the case of inter-
faces and surfaces, only very special short-period structures can be studied ade-
quately with such numbers of atoms. Hence, the bulk of the modelling of
extended defects has been made using much simpler approaches (for overviews see
Vitek (1994) and Voter (1996)).

In recent years the many-body central-force potentials of the embedded-atom
method (EAM) (Daw and Baskes 1984, Daw et al. 1993, Foiles 1996) and the
Finnis± Sinclair (FS) type (Finnis and Sinclair 1984, 1986, Ackland et al. 1987,
1988), were very successful in studies of metallic materials, in particular noble metals
and their alloys as well as Ni and Ni± Al alloys (for example Ackland et al. (1987),
Ackland and Vitek (1990), Daw et al. (1993), Ludwig and Gumbsch (1995) and Yan
et al. (1996)). In these semiempirical schemes the total energy is only a function of
separations of atomic pairs and any possible directional character of bonding is
excluded but, contrary to the pair potentials, the cohesive part of the total energy
has a many-body character (for example Ackland et al. (1988) and Foiles (1996)).
This approach was also applied to bcc and hcp transition metals (Finnis and Sinclair
1984, 1986, Ackland and Thetford 1987, Ackland 1992) but in several cases it was
found inadequate, presumably because the angular component of the bonding in
these metals is signi® cant. This is not surprising since it is well known that in
transition metals the relative stability of alternate crystal structures is controlled
by the level of the ® lling of the d band (Friedel 1969, Pettifor 1995), and the bonding
mediated by the d electrons has a covalent character. Consequently, it can be
expected that the covalent component of bonding may also play a signi® cant role
in the determination of low-energy structures of extended lattice defects.

One of the ® rst such tests was a calculation of the structure of the S ˆ 5,
(310)[001] symmetrical tilt grain boundary (S ˆ 5 STGB) in Nb that was linked
with high-resolution transmission electron microscopy (HRTEM) (Campbell et al.
1992, 1993). The calculation using central-force potentials resulted in the low-energy
structure with a relative displacement of grains in the [001] direction, while HRTEM
observations revealed a structure with mirror symmetry of the bicrystal and thus no
lateral relative displacement of the grains. In the same study it was shown that the
mirror symmetry was reproduced when non-central-force potentials based on the
model-generalized-pseudopotential theory (MGPT) (Moriarty 1990, 1994) were
employed. An analogous but opposite discrepancy appeared recently for the case
of the S ˆ 5 STGB of Mo. Bacia et al. (1997) obtained a mirror-symmetrical grain-
boundary con® guration for Mo by means of atomistic simulations with a central-
force n-body cohesion model, which was based on the second-moment tight-binding
approximation like the FS potentials. This result turns out to be in contradiction
with a very recent experimental HRTEM observation of Campbell et al. (1999).
Similar inadequacies were also found in atomistic simulations of surfaces
(Carlsson 1991, Foiles 1993) and studies of dislocations in Ti. In the latter case,
central forces predict incorrectly the basal plane as the slip plane while bond-order
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potentials (BOPs) (Pettifor 1989, Aoki 1993, Hors® eld et al.1996a,b, 1998, Bowler et
al. 1997) that include directional bonding predict correctly the prism plane as the slip
plane (Girshick et al. 1998a,b). Legrand (1984) has shown earlier that the controlling
factor here is the electronic structure. Such inadequacies should not arise, of course,
in ab-initio calculations but, as already discussed, these are not feasible for a broad
variety of extended defects. On the other hand, the semiempirical methods that
include directional bonding, most of which are based on the tight-binding approx-
imation (for example Harrison (1980, 1994)), all contain approximations and their
ubiquitous transferability to any complex structure is always debatable.

In this paper we investigate, as a case study, the above-mentioned S ˆ 5 STGBs
in Nb and Mo. The recent HRTEM observations for Mo suggest that, unlike for Nb,
the minimum-energy structure does not possess mirror symmetry and the grains are
relatively displaced in the [001] direction (Campbell et al. 1999). Furthermore, the
recent ab-initio calculations employing the LDFT mixed-basis pseudopotential
(MBPP) method (ElsaÈ sser et al. 1990, Ho et al. 1992, Meyer et al. 1998) clearly
demonstrated that the S ˆ 5 STGEs have di� erent structures in Nb and in Mo
respectively, with the translation states in agreement with HRTEM observations
(ElsaÈ sser et al. 1998, Ochs et al. 2000). The scope and goal of the present work
are to use the atomistic study of this boundary as a representative benchmark for
the judgement of the capabilities of several existing semiempirical models describing
interatomic interactions at defects in Nb and Mo. The models considered are
adopted from studies reported in the literature in which they were tested by inves-
tigating a wide range of crystalline bulk and defect properties. They are the FS-type
potentials constructed by Ackland and Thetford (1987), three di� erent tight-binding
methods and non-central MGPT potentials. All of them have been developed on the
basis of physical understanding of the electronic structure and bonding in transition
metals. Calculations for the same set of geometric grain-boundary con® gurations are
always made by all these semiempirical methods and compared in detail with ab-
initio calculations, in order to analyse the ability of the di� erent semiempirical
schemes to represent the essential features of interatomic bonding in the transition
metals studied.

} 2. COMPUTATIONAL APPROACHES

The ab-initio total-energy calculations that serve as a benchmark for the semi-
empirical models of the description of interatomic interactions were made using a
MBPP electronic-structure technique (Louie et al. 1979, Fu and Ho 1983, ElsaÈ sser et
al. 1990, Ho et al. 1992, Meyer et al. 1998). This method is based on the LDFT
(Hohenberg and Kohn 1964, Kohn and Sham 1965) and can be used to evaluate
total energies as well as atomic forces acting on individual atoms for any assembly of
atoms in crystalline materials. The results of such ab-initio calculations for the S ˆ 5
STGBs in Nb and Mo have recently been reported in detail (ElsaÈ sser et al. 1998,
Ochs et al. 2000), and they are reproduced here for direct comparison with results
obtained with semiempirical methods. All important computational details are sum-
marized in the two above-mentioned papers.

Several material-speci® c semiempirical models for the description of interatomic
interactions in Nb and Mo were investigated in this work. Formally four of them
(FS, BOP, d tight-binding (d-TB) and spd orthogonal tight-binding (spd-OTB) mod-
els) can be derived from the ® rst-principles LDFT by successive approximations for
tightly bound electron states (tight-binding theory) and by empirical parametrization
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of functional dependences of individual contributions to the total energies on inter-
atomic distances and angles. The ® fth (MGPT) is obtained by systematic approxi-
mation and parametrization of the ® rst-principles LDFT-based generalized
pseudopotential theory (GPT) (Moriarty 1988) in a hybrid representation of tight-
binding and nearly-free-electron models.

Total energies are composed of several contributions determined explicitly by the
electronic structure. The ® rst, attractive contribution, is the `band energy’ in tight-
binding band models (Harrison 1980, 1994) or the `bond energy’ in tight-binding
bond models (Sutton et al. 1988; Pettifor 1995). This contribution, usually evaluated
in the two-centre approximation for the interatomic matrix elements (hopping inte-
grals), re¯ ects the angular dependence of the energy that enters via the angular
character of these two-centre integrals (Slater and Koster 1954). The second con-
tribution is repulsive and arises from the electrostatic double-counting and other
many-body contributions not included in the band or bond parts of the total energy.
This contribution is of short range and is usually described by empirical central-force
terms, most commonly by pair potentials, although BOP and spd-OTB include
repulsive environment-dependent terms. The parameters entering these schemes
are determined by ® tting to some speci® c properties of a material considered. For
the schemes employed in this study they either are available in the literature (Finnis
and Sinclair 1984, 1986, Ackland and Thetford 1987, Paxton 1996) or have been
determined in studies preceding the present investigation (Haas et al. 1998a,b,
Mrovec et al. 1999).

The models considered in the present work all utilize the orthogonal and two-
centre tight-binding approximations (for example Harrison (1980)). However, they
can be divided into two classes according to the approach to the evaluation of the
band and/or bond energy. The ® rst class employs the reciprocal-space Bloch repre-
sentation of electrons in crystalline materials, and calculations require the use of
three-dimensional periodic boundary conditions. Thus, supercells have to be used,
similarly as in ab-initio calculations. The second class is formulated in a real-space
electronic-structure representation and, therefore, periodic boundary conditions are
not needed. This is very advantageous when studying extended crystal defects with-
out periodicities in some spatial directions. Furthermore, it is equally applicable to
crystalline and non-crystalline materials.

The ® rst class of methods consists of the following two tight-binding band mod-
els. The model that treats only d orbitals explicitly in the tight-binding Hamiltonian
(d-TB) includes no condition of self-consistency (such as local charge neutrality), and
the repulsion is described by a pair potential (Spanjaard and DesjonqueÁ res 1984). It
was parametrized and applied previously to a Nb S ˆ 5 STGB by Paxton (1996). In
the other model, developed by Haas et al. (1998a,b) for Mo and extended by Haas to
Nb for the present study (H. Haas, personal communication), an orthogonal tight-
binding Hamiltonian is represented by a minimal basis of s, p and d valence orbitals
(spd-OTB). Furthermore, it accounts in an empirical fashion for an environment
dependence of the on-site and the hopping matrix elements and a bond-length scal-
ing depending on the local atomic coordination. The repulsion is represented by
pairwise interactions which include an environment dependence in an analogous
empirical manner to the hopping matrix elements. Self-consistency is not included
in any way in this model. The parameters of this model were determined to repro-
duce linear mu� n-tin orbital atomic-sphere approximation LDFT results for band
structures and total energies (energy± volume curves) of bulk sc, bcc and fcc crystals,
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and an additional set of experimental data or LDFT results outlined by Haas et al.
(1998a, p. 1465) to improve the model concerning the phonon spectrum and properties
of point defects and surfaces. The parameter-® tting strategy of this rather complex
tight-binding model is explained in detail in the two papers by Haas et al. (1998a,b).

In the second class of methods, three models are considered. The ® rst employs
central-force many-body potentials developed originally by Finnis and Sinclair
(1984, 1986) and Ackland and Thetford (1987). These interatomic potentials can
be interpreted as a description of the total energy in the scalar second-moment
approximation to the tight-binding electron density of states combined with the
condition of orbital charge neutrality (Ackland et al. 1988). They can also be con-
sidered as a particular variant of the EAM (Daw and Baskes 1984, Daw et al. 1993).
The parameters in these potentials were ® tted to reproduce the equilibrium lattice
constant, the cohesive energy, the elastic constants and, approximately, the vacancy
formation energy. They account for the non-local character of the metallic bonding
by combining a purely pairwise, mainly repulsive interatomic interaction with an
electron-density-dependent functional. However, angle-dependent interactions
occurring because of the partial ® lling of d bands in transition metals are neglected
although these have been identi® ed to be responsible for the preference of the Va and
VIa transition metals to crystallize in the bcc structure instead of close-packed (fcc or
hcp) structures (for example Pettifor (1995)).

Angle-dependent interactions can be included into semiempirical potentials
based on tight-binding models by introducing matrix second moments and by
going beyond the second-moment approximation. Examples are the fourth-moment
tight-binding (4MTB) potentials developed by Carlsson (1991) or by Foiles (1993).
The former potentials were used in a recent study of STGB in Mo by Marinopoulos
et al. (1995). More sophisticated and presumably more accurate schemes are the
BOPs (Pettifor 1989) that were developed as a real-space formulation of the tight-
binding bond model (Pettifor 1989, Aoki 1993, Hors® eld et al. 1996a,b, 1998, Bowler
et al. 1997, Girshick et al. 1998a).

The bond part of the total energy is written as a product of the bond order and
the tight-binding Hamiltonian. The matrix elements of the latter are adjusted
through the bond length scaling so as to reproduce ab-initio data of the electronic
structure and other results such as energy di� erences between alternate metastable
structures ; however, unlike in the spd-OTB model, the interatomic matrix elements
are not environment dependent. The bond order, the physical meaning of which is
the di� erence between the number of electrons in the bonding and antibonding
states, is evaluated via Green’ s functions represented as continued fractions, using
the recursion method that can be related directly to a moment expansion (Pettifor
and Weaire 1985, Hors® eld et al. 1996a,b). The central-force repulsive part of the
energy consists of an environment-dependent many-body term and a pair-potential
term. The former represents the overlap repulsion that arises from the valence s and
p electrons. Its functional form has been determined by a detailed analysis of the
electronic contribution to the Cauchy pressures (Nguyen-Manh et al. 1998) and it is
® tted to reproduce the Cauchy pressures. The pair potential is then ® tted to repro-
duce the remaining elastic constants, equilibrium lattice parameters and cohesive
energy. Additionally, e� ects of self-consistency are accounted for by the requirement
of local charge neutrality. In the particular BOP for Mo and Nb applied in the
present work the continuous fraction expansion was limited to four recursion levels,
that is up to eight moments of the density of states were included. The ® tting
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included, together with the physical quantities mentioned above, the ab-initio calcu-
lated di� erences between sc, bcc and fcc structures (Mrovec et al. 2000).

The last real-space method considered is the MGPT that earlier had predicted
the mirror symmetry of the S ˆ 5 STGB in Nb (Campbell et al. 1992, 1993). This is a
model representation of the ® rst-principles LDFT-based GPT (Moriarty 1988),
which provides a rigorous expansion of the total energy of a transition metal in
terms of multiple-ion interatomic potentials. The leading volume term and the
two-, three- and four-ion potentials normally retained in this expansion for bcc
metals are volume-dependent but structure-independent quantities and thus transfer-
able to all bulk atomic con® gurations. The GPT yields explicit sp nearly-free-electron-
like, dd tight-binding-like and sp± d hydridization contributions to the volume term
and interatomic potentials, with the three- and four-ion angular-force potentials
re¯ ecting dd and sp± d contributions from partially ® lled d bands. The ® rst-principles
potentials are necessarily long-ranged, non-analytic and multidimensional functions
that cannot be easily tabulated for application purposes. This has led to the develop-
ment of the simpli® ed MGPT for bcc metals (Moriarty 1990, 1994). In the MGPT, the
multiple-ion potentials are systematically approximated to achieve short-ranged ana-
lytic forms, which can then be widely applied to static and dynamic simulations.
Speci® cally, the following simplifying approximations are introduced.

(i) sp± d hybridization contributions are retained only in the volume term.
(ii) d-state non-orthogonality is folded entirely into the two-ion pair potential

and contributes to an e� ective hard-core repulsive interaction.
(iii) Canonical d bands are used to represent the remaining d-state matrix

elements analytically.

The two-centre tight-binding-like hopping terms then have a characteristic r¡p

radial dependence and a 6 : ¡4 : 1 ratio for the m ˆ 0, 1, 2 components. For pure
canonical d bands, p ˆ 5, but a value p ˆ 4 is usually used as a better way to describe
the d bands of real bcc metals.

To compensate for the approximations introduced in the MGPT, a limited
amount of parameterization is allowed in which the coe� cients of the modelled
potential terms are constrained by external experimental or ab-initio data. Useful
MGPT potentials have been determined in this way over a wide range of volumes for
Mo to study melting and the high-pressure phase diagram (Moriarty 1994). Here the
only quantities ® tted to external data were the ambient-pressure bcc bulk and elastic
moduli, the vacancy formation energy and the zero-temperature equation of state.
Recently, these same potentials have also been successfully applied to ambient-
density studies of point defects and dislocations (Xu and Moriarty 1996, 1998)
and preliminary calculations of the S ˆ 5 STGB in Mo (Campbell et al. 1999). In
the present work, the full volume dependence of the Mo total energy is considered
and one small technical re® nement to the potentials has been added in the form of an
improved long-range cut-o� scheme.

The Nb MGPT potentials used in the present work are the same ® rst-generation
potentials as used by Campbell et al. (1992, 1993) in their original grain-boundary
studies. These potentials were determined only at ambient density ; so all calculations
here are limited to this density. In determining the Nb potentials, similar data were
® tted as in the case of Mo, except that the observed anomalous elastic constant C44
was replaced by the corresponding zone-boundary phonon. In both Mo and Nb,
only bcc properties have been used in constraining the MGPT potentials.
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} 3. SIMULATION CELLS AND BOUNDARYCONDITIONS

In atomistic simulations of grain boundaries that employ real-space methods
for the evaluation of the total energy, two-dimensional periodic Born± von
KaÂ rmaÂ n boundary conditions are conveniently employed parallel to the boundary
plane but no periodicity is introduced in the perpendicular direction. Thus the
block of atoms used in such calculations is usually constructed as follows. First,
its structure is arranged as a bicrystal with the desired boundary, characterized by
the misorientation of the adjoining crystals and inclination of the boundary plane.
Its lateral extensions are con® ned to the repeat cell of the boundary plane. In
both axial directions it is composed of two domains. The ® rst consists of the
regions adjacent to the boundary in which the atoms are fully relaxed. These
areas are then bounded by regions of atoms that are ® xed at the crystal lattice
positions. However, the two grains may displace relative to each other rigidly in
all directions so that relative displacement parallel to the boundary as well as
expansion or contraction may occur (for example, Sutton and Ballu� (1995) and
Vitek (1996)).

On the other hand, ab-initio calculations and tight-binding calculations that
employ the reciprocal-space methods for evaluation of the total energy require
periodic boundary conditions in all three directions. This implies that in the
direction perpendicular to the boundary a periodic sequence of boundaries has
to be introduced, and a supercell containing two equivalent grain boundaries
represents then a three-dimensional repeat unit of this structure. In the
previous ab-initio LDFT calculations and the reciprocal-space tight-binding
calculations presented here the supercell contains 20 atoms, each from one of
the (310) planes parallel to the boundary. There are two grain boundaries in this
cell separated by ten (310) planes and the lattice symmetry of the supercell is
base-centred orthorhombic. This supercell is shown in ® gure 2 of Ochs et al.
(2000) and is reproduced in ® gure 1 of this paper to make the paper self-con-
tained. A corresponding simple orthorhombic supercell with twice the volume is
bounded by (310) and (1

-
30) planes in two directions and (001) planes in the third

direction.
In order to compare the results of the di� erent approaches consistently, the

calculations employing the real-space methods for evaluation of the total energy
(FS potentials, BOP and MGPT) were performed using the same supercell
approach as the reciprocal-space calculations. At the same time analogous calcu-
lations were made using the e� ectively in® nite blocks described above but the
results turned out to be almost the same. Therefore, in tables 1 and 2 and ® gures
2± 5, shown later, only the supercell results are reported. The lateral displacement
curves displayed in ® gures 2, 4 and 5 are symmetrical with respect to positive and
negative displacement directions (cf. ® gures 7 and 8 in the paper by Ochs et al.
(2000)). The results of the di� erent methods are compared for various distinct
steps in the procedure for the structural optimization of the S ˆ 5 STGB and
the determination of the geometric translation state. They have been outlined in
detail by Ochs et al. (2000) and are described in the following sections. The
starting point is the ideal, geometrically constructed grain boundary formed
by joining two grains in the coincidence con® guration shown in ® gure 1. This
con® guration is denoted (1) as in the work of Ochs et al. (2000). Its supercell has
a volume of 10a3

0, where a0 is the zero-pressure equilibrium cubic lattice para-
meter.
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} 4. COMPARISON OF THE DIFFERENT METHODS WITH RESPECT TO THE STEPWISE

STRUCTURAL OPTIMIZATION

4.1. Relative rigid-body displacements parallel to [001]
In this ® rst optimization step the two grains are gradually displaced with respect

to each other along the [001] direction (the tilt axis) away from con® guration (1).
During this process all atoms in each block are kept at the corresponding ideal bcc
lattice sites, that is no local atomic relaxation is allowed. The dependence of the
energy of the supercell on the displacement along [001], calculated by all methods, is
shown in ® gures 2 (a) and (b) for Nb and Mo respectively. This displacement results
in a lowering of the grain-boundary energy for Nb as well as Mo, yielding a double-
well structure of the energy versus displacement curves. Qualitatively the shapes of
these curves obtained by LDFT calculations and the ® ve approximate methods, FS,
BOP, d-TB, spd-OTB and MGPT, are similar. However, quantitatively the depths of
the double wells obtained with di� erent methods vary. In fact, for all cases but the
MGPT of Mo the energy is measured relative to the unrelaxed con® guration (1). In
the latter case the energy associated with con® guration (1) is very high owing to a
signi® cantly more repulsive interaction and for this reason the energy is referred
relative to the displaced minimum-energy con® guration. This demonstrates that 
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Figure 1. (001) projection of the base-centred orthorhombic supercell containing two mis-
oriented bcc grains ((310) slabs) for the S ˆ 5 STGBs. The large grey spheres denote
the 20 atoms in the supercell (with periodic boundary conditions) at the ideal positions
without any structural optimization; the small black spheres show the atomic positions
in adjacent supercells. The 11 symmetry-independent atoms in the supercell ((310)
atom layers) are indicated by the numbers 5¡ to 5‡. (Reproduced from ® gure 2 of
Ochs et al. (2000).)
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(a)

(b)

Figure 2. Total energy versus lateral rigid-grain displacement along [001], starting from
con® guration (1) (initial geometrical STGB model; cf. ® gure 1) without relaxation
of the atomic positions for (a) Nb and (b) Mo. The data from the di� erent methods
are indicated as follows: ( Ð « Ð ) , LDFT; (- - - -), d-TB; ( ± ± ± ), spd-OTB; (¢ ± ¢ ± ¢),
BOP; (¢ ¢ ¢ ¢ ¢ ¢), FS; (Ð Ð Ð ), MGPT.



despite a stronger short-range repulsion for the MGPT than in the other methods,
the energy dependence on the [001] displacement has qualitatively the same shape.

The LDFT calculations suggest a signi® cant di� erence between Nb and Mo. The
well is much shallower in the former case, signalling the important di� erence
between the relative displacements of the grains found in fully relaxed structures
(} 4.3) and HRTEM observations. This trend is well reproduced by BOPs while the
other four methods qualitatively do not di� erentiate between Nb and Mo at this
stage. Quantitatively, MGPT yields a clear di� erence between the two metals. As
seen below, d-TB, spd-OTB and MGPT also di� erentiate correctly between Nb and
Mo in more relaxed structures and only the FS method is unable to reproduce the
di� erence. Thus it is unlikely that the attractive part of the energy in the d-TB, spd-
OTB and MGPT methods is responsible for the behaviour found at this stage. The
reason most probably lies in the repulsive part. Indeed, during the displacement
considered here some atoms come signi® cantly more closely together than the
separation of the nearest neighbours in the bcc lattice and thus the short-range
repulsion may dominate. The same applies, of course, in the case of BOPs.
Therefore, at this stage the results just suggest that the repulsive part of the energy
has been ® tted better for the BOPs than for the other methods. This is, presumably,
because ab-initio calculated energy di� erences for the same atomic volume between
bcc and structures with a reduced separation of atoms, such as sc were reproduced
when constructing the repulsive terms of the energy.

4.2. Mirror-symmetry-preserving optimization of the grain-boundary expansion
In the second optimization step, the grain-boundary structure (1) is relaxed

under the constraint that the mirror symmetry with respect to the grain-boundary
plane is preserved. This optimization path corresponds to gradually increasing rela-
tive displacement of the grains along the [310] direction followed by relaxation of all
atomic positions in the supercell under the constraint of the symmetry preservation.
The [310] displacement leads to an expansion and thus to an excess volume at the
grain boundary. For this reason this calculation was carried out using all methods
except the MGPT for Nb for which the potential is available for the equilibrium
density only. This path corresponds to the path (2)± (4) in ® gure 5 of Ochs et al.
(1999). The present results of the empirical techniques are displayed together with
the LDFT results from Ochs et al. (2000) in ® gures 3 (a) and (b) for Nb and Mo
respectively. The minima of all displayed curves (the LDFT values are denoted by
(4)) indicate the structurally optimized grain-boundary con® gurations with con-
served mirror symmetry. Qualitatively the expansions found by various methods
and by the LDFT calculations are similar.

Quantitatively the expansions and related energy gains are generally larger for
the semiempirical models. This di� erence can again be attributed to the short-range
repulsion. In the present case such repulsion is dominant between the atoms in layers
‡1 and ¡1 in the grain-boundary supercell (see ® gure 1). This is the reason why the
optimization step corresponding to the path (1)± (3) in ® gure 5 of Ochs et al. (2000),
that is rigid grain displacements along [310] without relaxation of atomic positions,
has been omitted in this paper. This step would be completely dominated by the
above-mentioned short-range repulsion.
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(a)

(b)

Figure 3. Total energy versus mirror-symmetry-conserving axial grain displacement along
[001] (con® gurations …2† ! …4†† for (a) Nb and (b) Mo (cf. table 2 and ® gure 5 of Ochs
et al. (2000)). The meanings of the symbols are the same as in ® gure 2.



4.3. Optimization breaking the mirror symmetry
The optimization steps discussed in this section probe for all methods but the

MGPT for Nb the stability of the grain-boundary con® gurations with conserved
mirror symmetry, denoted (4) in the previous section. In the case of MGPT for
Nb the corresponding mirror-symmetry-conserving con® guration has been obtained
from con® guration (1) by relaxing all atomic positions under the constraint of the
symmetry preservation and constant overall density, thus yielding con® guration (2).
Hence, in the following for the MGPT for Nb, (4) corresponds to this boundary
con® guration (2). First, the breaking of the mirror symmetry is accomplished by
mutually displacing the grains in directions perpendicular (‰ -

130Š) and parallel ([001])
to the tilt axis respectively, while keeping the positions of individual atoms in each
grain ® xed. The former path corresponds to that denoted …4† ! …5† in table 2 and
® gure 5 of Ochs et al. (2000) and the latter to …4† ! …6†. The second step involves
complete structural optimization, allowing for both the relative displacement of the
grains in any direction and the relaxation of positions of individual atoms.

Figures 4 (a) and (b) display the dependence of the total energy on the displace-
ment in the ‰ -

130Š direction for Nb and Mo respectively. Qualitatively all semiempi-
rical models, in accordance with LDFT, demonstrate that con® guration (4) is stable
with respect to such displacement. For Mo the results of all models coincide very
closely. However, for Nb the variation is larger. For example, the FS method pre-
dicts for Nb almost the same energy increase with the ‰ -

130Š displacement as for Mo
but LDFT indicates a considerably weaker increase. The results of the spd-OTB and
d-TB models fall between those of the FS and LDFT methods but for BOPs the
energy increases with increasing displacement appreciably more strongly. These
quantitative di� erences can again be attributed to di� erences in the parametrized
short-range repulsion in the semiempirical models.

The dependences of the total energy on the displacement in the [001] direction are
shown in ® gures 5 (a) and (b) for Nb and Mo respectively. This relaxation step turns
out to be the most interesting, since the models considered here do not all lead to
qualitatively the same stable con® gurations. In Mo, con® guration (4) is found to be
unstable by all the methods used. The minimum-energy con® guration (denoted (6)
for LDFT) possesses a displacement along [001] and thus a broken mirror symmetry.
However, the magnitude of this displacement and the related decrease in the energy
relative to con® guration (4) varies. Both are the largest for BOPs and MGPT, and
smallest for the d-TB method ; the spd-OTB and FS models are in between but close
to LDFT. These variations are again related to di� erences in the parametrized short-
range repulsion.

However, the situation is di� erent in Nb. The FS method again leads to a slight
metastability of con® guration (4) and to a con® guration with broken mirror sym-
metry although the energy decrease relative to con® guration (4) is smaller than in
Mo. In contrast, all the other semiempirical methods predict that con® guration (4) is
stable with respect to [001] displacements of the grains. The LDFT results lie in
between; the minimum-energy con® guration (6) corresponds to a small displace-
ment, 0:06a0, with a supercell total-energy decrease of 0.1 mRyd ˆ kB £ 16 K (kB

is the Boltzmann constant) relative to con® guration (4). For all practical purposes
this con® guration is indistinguishable from that with no displacement (cf. Ochs et al.
(2000)).

Finally, the full optimization of both the relative displacements of the grains and
positions of individual atoms leads to distinctly di� erent con® gurations in Nb and
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(a)

(b)

Figure 4. Total energy versus mirror-symmetry-breaking lateral grain displacement along
‰ -
130Š (con® gurations …4† ! …5†† for (a) Nb and (b) Mo (cf. table 2 and ® gures 7 (b) and
8 (b) of Ochs et al. (2000)). The meanings of the symbols are the same as in ® gure 2.
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(a)

(b)

Figure 5. Total energy versus mirror-symmetry-breaking lateral grain displacement along
[001] (con® gurations …4† ! …6† and (7)) for (a) Nb and (b) Mo (cf. table 2 and ® gures
7 (b) and 8 (b) of Ochs et al. (2000)). The meanings of the symbols are the same as in
® gure 2. Additionally, the following symbols are used to mark con® gurations (7) : (^),
d-TB; (~), spd-OTB; (*), BOP; (!), FS; (&), MGPT.



Mo, denoted (7) for LDFT in ® gures 5 (a) and (b), for all the methods but FS
potentials. The latter method yields very similar con® gurations with broken mirror
symmetry and substantially lower energy than con® guration (4), in both Nb and Mo.
On the other hand, all the other semiempirical methods give the mirror symmetric
con® guration (4) as the lowest-energy structure in Nb and predict that in Mo the
lowest-energy structure does not possess the mirror symmetry. In the latter case the
same has also been found using LDFT. Furthermore, for Mo LDFT, the spd-OTB,
BOP and MGPT models all lead to very similar [001] displacements of the grains
(about 0:2a0) although the energy decrease relative to con® guration (4) varies (see
® gure 5 (b)). The d-TB method also predicts a broken mirror symmetry but both the
[001] displacement and the associated energy decrease are only marginal. Similarly,
the displaced con® guration was also found in earlier calculations of Marinopoulos et
al. (1995) who employed a 4MTB potential.

However, LDFT results di� er somewhat from those of the semiempirical meth-
ods in the case of Nb (for more details see Ochs et al. (2000)). Con® guration (7)
corresponds to a small [001] displacement by 0:08a0 and thus a marginally broken
mirror symmetry. At the same time the supercell total-energy decrease of
1:2 mRyd ˆ kB £ 189 K with respect to con® guration (4) is still extremely small.
Thus, experimentally it would be very di� cult to distinguish between the two con-
® gurations. Hence, both the LDFT result and results of all the semiempirical meth-
ods but the FS model are compatible with the mirror-symmetry-conserved
con® guration observed in Nb by HRTEM (Campbell et al. 1992, 1993).

} 5. CONCLUSIONS

The numerical data obtained with the six di� erent theoretical total-energy
schemes for grain-boundary energies and relative grain displacements of the opti-
mized STGB translation states, with (4) or without (7) conserved mirror symmetry,
are collected in tables 1 and 2 for Nb and Mo respectively. The results of earlier
calculations of Campbell et al. (1993) for Nb and of Marinopoulos et al. (1995) for
Mo are also included for comparison. Additionally, to support the fact that the
employed 20-atom supercell is su� ciently large for investigations of the S ˆ 5
STGB, new LDFT and spd-OTB data for EGB , obtained since the submission of
the paper by Ochs et al. (2000) using a 40-atom supercell with the grain-boundary
planes being separated twice as far, are given in parentheses in tables 1 and 2. Most
models consistently predict preferred STGB translation states with fully or nearly
conserved mirror symmetry for Nb and with broken mirror symmetry for Mo, in
accordance with the results of HRTEM bicrystal experiments (Campbell et al. 1992,
1993, 1999). The two exceptional cases are the FS method, which yields a distinct
symmetry breaking con® guration (7) with lowest energy for Nb, and the d-TB
method, in which the symmetry breaking con® guration (7) is energetically nearly
degenerate with the symmetric con® guration (4) for Mo. Both these cases are in
con¯ ict with the HRTEM observations.

Furthermore, with the FS potentials for both Nb and Mo, additional, locally
metastable con® gurations were found to originate from structural instabilities of the
con® gurations (4) with respect to grain displacements along ‰ -

130Š directions. In none
of the other schemes was an indication of such an instability observed. However, a
very similar behaviour was found in the EAM calculations of Campbell et al. (1993)
for Nb. The appearance of such additional metastable con® gurations already in very
simple grain boundaries such as the S ˆ 5 STGB indicates that quantitative predic-
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tions of grain-boundary structures in bcc metals obtained with FS or EAM poten-
tials should be considered a priori with caution and carefully tested against more
accurate approaches.

In general, the empirical schemes, which account for the directional bonding
arising from the partially ® lled d band, all lead to similar results and compare well
with the results of non-empirical LDFT. The simplest of these methods, the d-TB
model, turns out to be rather good for Nb. For Mo it has the weakness of predicting
an almost mirror-symmetrical equilibrium STGB con® guration but owing to its
simplicity it could be improved without much e� ort. Considering all the results listed
in the tables 1 and 2, for both metals the grain-boundary energies and grain dis-
placements obtained using the spd-OTB model follow most closely those found by
the LDFT calculations. Hence, in the context of the present study this method
appears to be most accurate of the semiempirical schemes considered. However, it
is also the most elaborate and at present limited to reciprocal-space calculations.
Both the BOP and the MGPT schemes reproduce correctly all the qualitative fea-
tures of LDFT calculations, such as positions of the shapes on energy versus dis-
placement curves and relative displacements of the grains, but quantitatively the
calculated values of energy di� erences are less reliable. As discussed in this paper
the main reason is not the inaccurate evaluation of the attractive, band or bond
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Table 1. Optimized macroscopic translation states for the S ˆ 5 STGB in Nb calculated with
the di� erent methods: symmetries, grain-boundary energies EGB, magnitudes of the
macroscopic grain translations in percentages of the equilibrium lattice constants a0.
For comparison the results of Campbell et al. (1993) for Nb obtained with an EAM
potential are included.

Grain displacement along
the direction

Mirror symmetry EGB
con® guration (mJ m¡2† [310] ‰ -

130Š [001]

LDFT (Ochs et al. 2000)
Yes, (4) 1296 (1284) 5 0 0
No, (7) 1288 (1277) 5 0 8

spd-OTB
Yes, …4† ˆ …7† 1070 (1016) 6 0 0

d-TB
Yes, …4† ˆ …7† 1585 8 0 0

BOP
Yes, …4† ˆ …7† 1396 9 0 0

FS
Yes, (4) 1227 11 0 0
No, (7) 1120 11 0 21
No 1066 6 17 25

MGPT
Yes, (2) 1159 Ð 0 0

EAM (Campbell et al. 1993)
Yes, (4) 1200 Ð 0 0
No, (7) 1030 Ð 0 25
No 980 Ð 16 25



energy but an inaccurate description of repulsive interactions for atomic separations
smaller than the ® rst-nearest neighbour spacings. However, this e� ect is more sig-
ni® cant in unrelaxed structures than in fully relaxed, physically signi® cant structures
since, in the latter case, atomic separations smaller than the nearest-neighbour spa-
cing is not common. The former is seen, for example, in ® gure 5 (b) which shows that
the relative decrease of the energy due to full relaxation is signi® cantly larger for the
BOP, MGPT and FS methods than for the LDFT and spd-OTB methods. However,
table 2 shows that the energies of the relaxed structures are very similar for all the
schemes considered.

In summary, the comparative study of ® ve semiempirical total energy schemes
with a non-empirical LDFT calculation demonstrates that the real-space (BOP and
MGPT) and reciprocal-space (d-TB and spd-OTB) models that all extend beyond
the second-moment approximation to the density of states are suitable for studies of
grain boundaries and, most probably, for other extended defects in bcc transition
metals. The FS method based on the second-moment approximation must be treated
with care when applied in such studies since any directional bonding due to d
electrons is neglected.
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Table 2. Optimized macroscopic translation states for the S ˆ 5 STGB in Mo calculated
with the di� erent methods: symmetries, grain-boundary energies EGB, magnitudes of
the macroscopic grain translations in percentages of the equilibrium lattice constants
a0. For comparison the results of Campbell et al. (1995) for Mo obtained with a
semiempirical 4MTB potential are included.

Grain displacement along
the direction

Mirror symmetry EGB
con® guration (mJ m¡2† [310] ‰ -

130Š [001]

LDFT (Ochs et al. 2000)
Yes, (4) 1808 (1826) 6 0 0
No, (7) 1702 (1711) 6 0 20

spd-OTB
Yes, (4) 1563 (1479) 8 0 0
No, (7) 1432 (1370) 8 0 24

d-TB
Yes, (4) 1784 10 0 0
No, (7) 1772 10 0 13

BOP
Yes, (4) 1365 0 0
No. (7) 1274 8 0 22

FS
Yes, (4) 1535 11 0 0
No 1532 11 2 0
No, (7) 1300 11 0 26

MGPT
Yes, (4) 2124 12 0 0
No, (4) 1904 11 0 19

4MTB (Marinopoulos et al. 1995)
Yes, (4) 2032 9 0 0
No, (7) 1918 10 0 17
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